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REMARK ON A RESULT OF BOURGAIN ON POISSONIAN PAIR
CORRELATION
GERHARD LARCHER
Abstract. We show for a class of sequences (an)n≥1 of distinct positive integers, that for
no α the sequence ({anα})n≥1 does have Poissonian pair correlation. This class contains
for example all strictly increasing integer sequences with positive upper density. This
result motivates us to state a certain conjecture on Poissonian pair correlation which
would be a significantly stronger version of a result of Jean Bourgain.
1. Motivation and statement of result
Definition 1. Let ‖·‖ denote the distance to the nearest integer. A sequence (xn)n≥1 in
[0, 1) is said to have (asymptotically) Poissonian pair correlations, if for each s > 0 the
pair correlation function
R2 ([−s, s] , (xn)n , N) :=
1
N
#
{
1 ≤ i 6= j ≤ N
∣∣∣‖xi − xj‖ ≤ s
N
}
tends to 2s as N →∞.
It is known that if a sequence (xn)n≥1 has Poissonian pair correlations, then it is uniformly
distributed modulo 1, cf. [3], [7], [15]. The converse is not true in general.
The study of Poissonian pair correlations of sequences, especially of sequences of the form
({anα})n≥1, where α is an irrational, and (an)n≥1 is a sequence of distinct positive integers,
is primarily motivated by certain questions in quantum physics, especially in connection
with the Berry-Tabor conjecture in quantum mechanics, cf. [1], [11]. The investigation of
Poissonian pair correlation was started by Rudnick, Sarnak and Zaharescu, cf. [12], [13],
[14], and was continued by many authors in the subsequent, cf. [2] and the references given
there.
A quite general result which connects Poissonian pair correlation of sequences ({anα}) to
concepts from additive combinatorics was given in [2]:
For a finite set A of reals the additive energy E(A) is defined as
E (A) :=
∑
a+b=c+d
1,
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2 GERHARD LARCHER
where the sum is extended over all quadruples (a, b, c, d) ∈ A4. Trivially one has the es-
timate |A2| ≤ E (A) ≤ |A|3, assuming that the elements of A are distinct. The additive
energy of sequences has been extensively studied in the additive combinatorics literature,
cf. [16]. In [2] the following was shown:
Theorem A in [2]. Let (a (n))n≥1 be a sequence of distinct integers, and let AN denote
the first N elements of this sequence. If there exists a fixed ε > 0 such that
E (AN) = O
(
N3−ε
)
,
then for almost all α the sequence ({anα})n≥1 has Poissonian pair correlation.
On the other hand Bourgain in [2] showed the following negative result:
Theorem B in [2]. If E (AN) = Ω (N
3) then there exists a subset of [0, 1] of positive mea-
sure such that for every α from this set the pair correlation of ({anα})n≥1 is not Poissonian.
In [9] the authors gave a sharper version of the result of Bourgain by showing that the set
of exceptional values α from Theorem 2 has full measure.
In fact we conjecture that even more is true:
Conjecture 1.1. If E (AN) = Ω (N
3) then for every α the pair correlation of ({anα})n≥1
is not Poissonian.
A very simple case of ({anα})n≥1 with Poissonian pair correlation for no α is given by the
pure Kronecker sequence ({nα})n≥1.
It is the aim of this note to support this conjecture by proving it for a certain class of
integer sequences (an)n≥1, a class which for example also contains all strictly increasing
sequences (an)n≥1 with positive upper density.
To be able to state our result we need an alternative classification of integer sequences
(an)n≥1 with E (AN) = Ω (N
3):
For v ∈ Z let AN(v) denote the cardinality of the set{
(x, y) ∈ {1, . . . , N}2 , x 6= y : ax − ay = v
}
.
Then
(1) E (AN) = Ω
(
N3
)
is equivalent to
(2)
∑
v∈Z
A2N(v) = Ω
(
N3
)
,
which implies that there is a κ > 0 and positive integers N1 < N2 < N3 < . . . such that
(3)
∑
v∈Z
A2Ni(v) ≥ κN3i , i = 1, 2, . . . .
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It will turn out that sequences (an)n≥1 satisfying (1) have a strong linear substructure.
From (3) we can deduce by the Balog–Szemeredi–Gowers-Theorem (see [4] and [6]) that
there exist constants c, C > 0 depending only on κ such that for all i = 1, 2, 3, . . . there is
a subset A
(i)
0 ⊂ (an)1≤n≤Ni such that∣∣∣A(i)0 ∣∣∣ ≥ cNi and ∣∣∣A(i)0 + A(i)0 ∣∣∣ ≤ C ∣∣∣A(i)0 ∣∣∣ ≤ CNi.
The converse is also true: If for all i for a set A
(i)
0 with A
(i)
0 ⊂ (an)1≤n≤Ni with
∣∣∣A(i)0 ∣∣∣ ≥ cNi
we have
∣∣∣A(i)0 + A(i)0 ∣∣∣ ≤ C ∣∣∣A(i)0 ∣∣∣, then∑
v∈Z
A2Ni(v) ≥
1
C
∣∣∣A(i)0 ∣∣∣3 ≥ c3CN3i
and consequently
∑
v∈ZA
2
N(v) = Ω (N
3) (this an elementary fact, see for example Lemma 1 (iii)
in [10].)
Consider now a subset A
(i)
0 of (an)1≤n≤Ni with∣∣∣A(i)0 ∣∣∣ ≥ cNi and ∣∣∣A(i)0 + A(i)0 ∣∣∣ ≤ C ∣∣∣A(i)0 ∣∣∣ .
By the theorem of Freiman (see [5]) there exist constants d and K depending only on c
and C, i.e. depending only on κ in our setting, such that there exists a d-dimensional
arithmetic progression Pi of size at most KNi such that A
(i)
0 ⊂ Pi. This means that Pi is
a set of the form
(4) Pi :=
{
hi +
d∑
j=1
rjk
(i)
j
∣∣∣∣∣ 0 ≤ rj < s(i)j
}
,
with bi, k
(i)
1 , . . . , k
(i)
d , s
(i)
1 , . . . , s
(i)
d ∈ Z and such that s(i)1 s(i)2 . . . s(i)d ≤ KNi.
In the other direction again it is easy to see that for any set A
(i)
0 of the form (4) we have∣∣∣A(i)0 + A(i)0 ∣∣∣ ≤ 2dKNi.
Based on these observations we make the following definition:
Definition 2. Let (an)n≥1 be a strictly increasing sequence of positive integers. We call
this sequence quasi-arithmetic of degree d, where d is a positive integer, if there exist con-
stants C,K > 0 and a strictly increasing sequence (Ni)i≥1 of positive integers such that for
all i ≥ 1 there is a subset A(i) ⊂ (an)1≤n≤Ni with
∣∣A(i)∣∣ ≥ CNi such that A(i) is contained
in a d-dimensional arithmetic progression P (i) of size at most KNi.
The above considerations show:
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Proposition 1. For a strictly increasing sequence (an)n≥1 of positive integers we have
E (AN) = Ω (N
3) if and only if (an)n≥1 is quasi-arithmetic of some degree d.
Hence our conjecture stated above is equivalent to.
Conjecture 1.2. If (an)n≥1 is quasi-arithmetic of some degree d, then there is no α such
that the pair correlation of ({anα})n≥1 is Poissonian.
Now we can state our result:
Theorem 1. If (an)n≥1 is quasi-arithmetic of degree d = 1, then there is no α such that
the pair correlation of ({anα})n≥1 is Poissonian.
A simple example of quasi-arithmetic (an)n≥1 of degree 1 are strictly increasing sequences
of integers with positive upper density. Hence we have
Corollary 1. If (an)n≥1 is a strictly increasing sequence of positive integers with positive
upper density, i.e.,
lim sup
n→∞
n
an
> 0,
then for no α the pair correlation of ({anα})n≥1 is Poissonian.
The proof of Theorem 1 will be provided in the next two sections.
For d ≥ 2 it seems to be necessary to study the structure of sets of the form
{K1α1 +K2α2 + . . .+Kdαd |1 ≤ Ki ≤ ni, i = 1, . . . , d}
very carefully. This indeed is a not at all trivial task. See for example [8] for an excellent
survey on this topic and the references given there.
2. Auxiliary Results
Proof. Let (an)n≥1 be quasi-arithmetic of degree 1. Let c ≤ 1, K ≥ 1, the strictly-increasing
sequence (Ni)i≥1 of positive integers, and A
(i) ⊆ (an)1≤n≤Ni with
∣∣A(i)∣∣ ≥ c · Ni be such
that A(i) is contained in a one-dimensional arithmetic progression P (i) of size at most KN :
Let us fix some i, and set for simplicity
N := Ni
A := A(i) :=
(
anj
)
; j = 1, . . . ,W with 1 ≤ n1 < n2 < . . . < nW ≤ N , and W = γ(i) · N
with γ := γ(i) ≥ c.
P := P (i) :=
{
h+ rk | 0 ≤ r < Γ(i) ·N} with Γ := Γ(i) ≤ K.
In fact in the following we will consider a certain subsequence of the Ni, namely:
let γ˜ := lim inf γ(i) ≥ c.
We consider only these Nil with indices il such that
γ˜
2
≤ γ(il) ≤ 2γ˜. For these il let
Γ˜ := lim sup Γ(il).
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We have Γ˜ ≤ K. We consider only these indices with 2Γ˜ ≥ Γ(il) ≥ Γ˜
2
. For simplicity we
assume that Ni already satisfies these conditions, consequently we can choose
γ˜
2
= c and
2Γ˜ = K and hence c ≤ γ(i) ≤ 4c and K
4
≤ Γ(i) ≤ K always.
Further we may assume h = 0. For general h the proof runs quite analogously. And we
may assume k = 1, since studying {rkα} is nothing else than studying {rα′} with α′ = kα.
So P = {r | 0 ≤ r < Γ ·N}.
Let α have continued fraction expansion α = [0;α1, α2, . . .] and best approximation de-
nominators (qi)i≥0 with qi+1 = αi+1qi + qi−1. Set M := Γ · N , and let l be such that
ql ≤ M < ql+1 and b with 1 ≤ b < αl+1 be such that bql ≤ M < (b+ 1) ql. For simplicity
in the following we set q := ql, a = αl+1. We frequently will use
(5)
bq
K
≤ bq
Γ
≤ N = M
Γ
≤ (b+ 1) q
Γ
≤ 2bq
Γ
≤ 8bq
K
.
Let Sα :=
({
anjα
})
j=1,...,W
and S¯α := ({jα})j=1,...,M . Then Sα is a subset of S¯α with
W = γ · N = γ
Γ
·M elements. We order the elements of S¯α in [0, 1) in ascending order,
i.e., S¯α = {β1, . . . , βM} with 0 < β1 < β2 < . . . < βM < 1.
Let us further assume that the index l which is defined by q = ql ≤ M < ql+1 is even (for
l odd we argue quite similar). Then it is well known that S¯α consists of q bundles, each
bundle consisting of b or b + 1 elements, and each bundle contained in exactly one of the
intervals
[
i
q
, i+1
q
)
, i = 0, . . . , q − 1, as is sketched in Figure 1.
Figure 1
Let βu < βu+1 < . . . < βu+w with w = b − 1 or w = b be the elements of S¯α contained in[
i
q
, i+1
q
)
. See Figure 2.
Figure 2
6 GERHARD LARCHER
For simplicity in all the following we assume w = b, the case w = b − 1 is treated in the
same way. Then by basic properties of continued fractions we know that
δ := βu+1 − βu = βu+2 − βu+1 = . . . = βu+w − βu+w−1,
with
(6)
1
3qa
≤ 1
q (a+ 2)
< δ <
1
qa
and hence
(7)
b
3qa
< βu+w − βu < b
qa
.
Further
(8) βu − i
q
< δ <
1
qa
.
Let Pi for i = 1, . . . , b be the subset of S¯α consisting of the i-th elements (βu+i−1)
from each bundle. For a fixed i we denote the elements of Pi in ascending order by
v0 < v1 < . . . < vq−1. Note, vp is contained in
[
p
q
, p+1
q
)
. Again by basic properties of
continued fractions we always have
(9) vj+1 − vj ≥ 1
2q
for all j.
For a fixed positive integer m < q consider now the set of distances vm − v0, vm+1 −
v1, . . . , vq−1−vq−m−1. We fix a j and consider vm+j−vj. vj is given by vj = {((i− 1) · q + y)α}
for some y ∈ {0, 1, . . . , q − 1} and (with the same y) vm+j is given by
vm+j = {((i− 1) q + (y +mq′) mod q)α} where q′ := ql−1.
Hence vm+j − vj = {(y − (y +mq′) mod q)α}, and this is either {(− (mq′) mod q)α} or
{(q − (mq′) mod q)α}. Hence, the set of distances
(10) vm − v0, vm+1 − v1, . . . , vq−1 − vq−m−1
can attain a most two different values.
For the proof we will need the following three simple Lemmata:
Lemma 1. Let B = [0, B ) be an interval of length B ≤ 1. Let 0 < τ ≤ B
2
. For an integer
σ ≥ 2 let x1, x2, . . . , xL with L =
(
B
τ
+ 1
)
σ be L points in B. (We assume for simplicity
B
τ
∈ N.) Then
∧ := # {1 ≤ i 6= j ≤ L | |xi − xj| < τ} ≥ σ
2B
2τ
.
Proof. It is obvious that ∧ becomes minimal if the L points are distributed in the following
way:
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σ times the point j · τ for j = 0, 1, . . . , B
τ
. For this distribution we have
∧ = σ (σ − 1) · B
τ
≥ σ2B
2τ
. 
Lemma 2. Let B0,B1, . . . ,Bq−1 be q intervals of length B each. Let 0 < τ ≤ B2 . Assume
there are Li points x
(i)
1 , . . . , x
(i)
Li
in Bi for i = 0, . . . , q−1 with L0+. . .+Lq−1 =
(
B
τ
+ 1
)·q ·ψ,
with ψ ≥ 3. Then
∧˜ :=
q−1∑
i=0
#
{
1 ≤ k 6= l ≤ Li :
∣∣∣x(i)k − x(i)l ∣∣∣ < τ} ≥ Bq2τ (ψ − 2)2 .
Proof. Let Li :=
(
B
τ
+ 1
) · σ˜i. Let σi := {0 if σ˜i < 2
[σ˜i] if σ˜i ≥ 2
and let L′i :=
(
B
τ
+ 1
) · σi. Then L′1 + . . .+L′q ≥ (Bτ + 1) q · (ψ − 2), that is σ1 + . . .+ σq ≥
q · (ψ − 2). By Lemma 1 we have
∧˜ ≥
q∑
i=1
σ2i ·B
2τ
≥ B
2τ
q∑
i=1
(ψ − 2)2 = Bq
2τ
· (ψ − 2)2 .

Lemma 3. Let α ∈ (0, 1) be given. For A (large enough) let ∆1, . . . ,∆Aα−1 be Aα − 1
positive integers with
∑αA−1
i=1 ∆i ≤ A. Then there exist at least α
2A
4
elements ∆i attaining
the same value ∆ with ∆ ≤ 4
α2
.
Proof. This is an easy exercise and is left to the reader.
3. Proof of the Theorem
Before we proceed, we repeat: We study the pair correlation of ({anα})n=1,...,N . We have
Sα =
({
anjα
})
j=1,...,W
⊆ ({anα})n=1,...,N
and
Sα ⊆ S¯α = ({jα})j=1,...,M .
Further W = γ ·N and M = Γ ·N . By Lp we denote the number of elements of Sα lying
in the interval
[
p
q
, p+1
q
)
. Note that L0 + . . .+ Lq−1 = W .
Now we distinguish 4 cases. (Indeed, the 4 cases cover all possible situations.)
Case 1.
(11) bδ ≥ 2
7
c
· 1
N
and
(12)
a
b
≥ 2
23
c2
.
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This means: The length of the bundle of points from S¯α in an interval
[
p
q
, p+1
q
)
is signifi-
cantly larger than 1
N
and b is significantly smaller than a.
Then we choose s := 2
6
c
. By (11) we have s
N
≤ bδ
2
. Let Bp be the smallest interval
containing the bundle of points from S¯α in an interval
[
p
q
, p+1
q
)
. All Bp have the same
length B := bδ. We count pairs of points from Sα with distance at most τ :=
s
N
. We have
(13) τ ≤ B
2
.
Let Lp denote the number of points from Sα contained in Bp. Then by (5), (13) and (12)
we have:
L0 + . . .+ Lq−1 = W ≥ cN ≥ cbq
K
=
B
τ
q
(
τ
B
cb
K
)
=
=
B
τ
q
(
s
Nbδ
cb
K
)
≥ B
τ
q
(
saq
8bq
K
c
K
)
=
=
B
τ
q
(
s
a
b
c
8
)
=
B
τ
q
(
8
a
b
)
≥
(
B
τ
+ 1
)
q
(
1
4
a
b
)
.
So we can apply Lemma 2 with ψ = 1
4
a
b
≥ 221
c2
≥ 4, and we obtain (using (6), and (12))
RN(s) :=
1
N
·#
{
1 ≤ i 6= j ≤ N
∣∣∣‖{aiα} − {ajα}‖ ≤ s
N
}
≥
≥ 1
N
·#
{
1 ≤ i 6= j ≤ W
∣∣∣∥∥{aniα} − {anjα}∥∥ ≤ sN } ≥
≥ 1
N
Bq
2τ
(ψ − 2)2 ≥ bδq
2s
( a
8b
)2
≥
≥ b
6as
( a
8b
)2
= s
1
s2
a
b
1
6 · 26 =
= s
c2
212
1
6 · 26
a
b
≥ 4s.
Case 2.
(14)
a
b
≤ 2
23
c2
and
(15)
1
N
<
c5
K · 223 ·
1
q
Condition (14) implies
(16) b ≥ c
2
223
a
REMARK ON A RESULT OF BOURGAIN ON POISSONIAN PAIR CORRELATION 9
and (15) by (5) implies
(17) b >
K2 · 226
c5
.
There exist at least qc
2K
intervals
[
p
q
, p+1
q
)
which contain at least bc
2K
points from Sα.
(Otherwise we had |Sα| ≤ qc2K · b+
(
q − qc
2K
) · bc
2K
< cbq
K
≤ c ·N ≤ W , a contradiction.)
We denote the elements of
[
p
q
, p+1
q
)
∩ Sα with β(p)1 < . . . < β(p)Wp . We consider the set of
“normalized” differences
β
(p)
j+1 − β(p)j
δ
for j = 1, . . . ,Wp − 1, and p = 1, . . . , q.
These values are positive integers, we denote them by γ1, . . . , γQ, where Q = W − q ≥
cbq
K
− q > cbq
2K
because of (17). Further γ1 + . . . + γQ ≤ bq. By Lemma 3 therefore at least
c2
16K2
bq of the γi must have a same value, say β, with
(18) β ≤ 16K
2
c
.
That implies: There exist at least
(19)
c2
16K2
bq
pairs of points of Sα with distance exactly β · δ. By (18), (5), and (16) we have
βδ ≤ 16K
2
c
δ ≤ 16K
2
c
1
aq
=
16K2
c
1
aq
N
1
N
≤
≤ 16K
2
c
1
aq
8bq
K
1
N
=
27K
c
b
a
1
N
≤ 2
7K
c
1
N
and
βδ ≥ δ ≥ 1
3aq
=
N
3aq
1
N
≥ bq
3aqK
1
N
≥
≥ 1
3K
b
a
1
N
≥ c
2
3 · 223K
1
N
.
We choose now s1 < s2 with s2 − s1 very small such that s1N < βδ < s2N . Thereby it will
be crucial that s1, s2 are chosen from a finite set D which is defined depending on the
“universal” constants c,K only. We define D first:
D :=
{
c2
3 · 223 ·K + j ·
c2
29 ·K
∣∣∣∣j = 0, 1, . . . , 216 ·K2c3
}
.
Then we find s1, s2 ∈ D with s1N < βδ < s2N , and
(20) s2 = s1 +
c2
29 ·K .
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Then by (19) and (20) we have
RN (s2)−RN (s1) ≥ 1
N
c2
16K2
bq ≥ K
8bq
c2
16K2
bq =
c2
27K
= 4 (s2 − s1) .
(Note, that RN (s2)−RN (s1) should be approximately 2 (s2 − s1)!)
Case 3.
(21) bδ ≤ 2
7
c
1
N
and
(22)
1
N
<
c5
K229
1
q
In this case we choose s = 1. That is: We consider distances of points less or equal 1
N
,
where this bound 1
N
is significantly smaller than 1
q
, but is of order of the length of an
interval bδ or larger. Condition (22) and formula (5) imply K
8bq
< 1
N
< c
5
K·229
1
q
, hence
(23) b >
226
c5
KL.
We recall that for every p = 0, . . . , q − 1 we denote with Lp the number of points of Sα in
the interval Bp. We have by (5):
L0 + L1 + . . .+ Lq−1 = W ≥ cN ≥ cbq
K
.
Since Lp ≤ b always, we can conclude that at least c2K q of the Lp are at least c2K b. (This
follows from c
2K
q · b+ (q − c
2K
q
) · c
2K
b = c · bq
K
· (1
2
+ 1
2
(
1− c
2K
))
< c · bq
K
≤ W.)
We denote the at least c
2K
q integers p for which the Lp are at least
c
2K
b by p′. We have∑
p′ Lp
′ ≥ c2
4K2
bq.
The interval Bp′ has length B = bδ. We divide Bp′ in intervals of length 1N . The number
of these intervals ⌈
B
1
N
⌉
=
⌈
bδ
1
N
⌉
≤ 2
8
c
<
1
4
· c
2K
b <
1
4
Lp′ .
(Here we used (21) and (23).) Therefore each Bp′ contains an interval I of length 1N which
contains at least
[
Lp′
28
· c
]
elements, which is at least 4, hence[
Lp′
28
c
]
≥ Lp′√
2 · 28 c ≥ 2.
This gives us
RN(s) ≥ 1
N
∑
p′
(
Lp′√
2 · 28 c
)(
Lp′√
2 · 28 c− 1
)
≥
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≥ 1
2N
∑
p′
(
Lp′c√
2 · 28
)2
=
=
1
2N
c2
217
∑
p′
(Lp′)
2 ≥
≥ 1
2N
c2
217
c
2K
q
( c
2K
b
)2
=
=
c5
221K3
qb2
N
≥ c
5
224K2
b > 4
by (23). (Note, that this quantity should approach 2s = 2 !)
It remains to handle
Case 4.
(24)
1
N
≥ c
5
K · 229
1
q
This condition because of (5) implies b ≤ K2·229
c5
. We recall the notion Pi for i = 1, . . . , b
for the subset of S¯α consisting of the i-th elements from each bundle of b points of S¯α from
Section 2. For fixed i we denoted the elements of Pi by v0 < v1 < . . . < vq−1. At least one
of these b sets Pi, say P , contains at least
γN
b
≥ c q
K
elements from Sα. Note, that Sα has
W = γN ≥ cN elements. For simplicity of notation we assume that c q
K
is an integer in
the following. Let u1 < u2 < . . . < u cq
K
be cq
K
elements from Sα ∩ P . Let ui ∈
[
pi
q
, pi+1
q
)
,
then 0 ≤ p1 < p2 < . . . < p cq
K
≤ q − 1, and by (9) we have ui+1 − ui ≥ 12q always.
We consider the differences
∆i := pi+1 − pi for i = 1, . . . , cq
K
− 1.
These are cq
K
− 1 positive integers with
cq
K
−1∑
i=1
∆i = p cq
K
− p1 ≤ q − 1.
Hence – by Lemma 3 – at least c
2q
4K2
(for q large enough) of them must have the same value
p ≤ 4K2
c2
. Choose c
2q
4K2
such ∆i (for simplicity of notation we assume
c2q
8K2
to be an integer)
with the same value p ≤ 4K2
c2
, say
∆i1 ,∆i2 , . . . ,∆i c2q
4K2
with 1 ≤ i1 < i2 < . . . < i c2q
4K2
≤ cq
K
− 1.
Consider the distances of the corresponding points of Sα ∩ P , i.e.,
uij+1 − uij for j = 1, . . . ,
c2q
4K2
.
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These distances by (10) attain at most two different values. Hence at least
(25)
c2q
8K2
of uij+1 − uij have the same value, say κ, with
κ =
p
q
+
τ
aq
,
with a fixed p with 1 ≤ p ≤ 4K2
c2
, and a real τ with |τ | ≤ 1. Moreover (see (9)) we have
κ ≥ 1
2q
. So (by (5) and (24))
(26)
1
2K
1
N
≤ 1
2q
≤ κ ≤ 2K
q
+
1
aq
≤ 4K
2
c2q
≤ 1
N
232 ·K2 (4K2)
c7
.
We choose now s1 < s2 with s2 − s1 very small such that s1N < κ < s2N . Thereby it will
be crucial that s1, s2 are chosen from a finite set E which is defined depending on the
“universal” constants c,K only. We define E first:
E :=
{
1
2K
+ j · c
7
K3 · 234
∣∣∣∣j = 0, . . . ,⌈(4K2)K5 · 266c14
⌉}
.
Then we find s1, s2 ∈ E with
s1
N
< κ <
s2
N
and
(27) s2 = s1 +
c7
K3 · 234 .
Then we have by (24), (25) and (27):
RN (s2)−RN (s1) ≥ 1
N
c2q
8K2
≥ c
7
K3 · 232 = 4 (s2 − s1) .
(Note, that RN (s2)−RN (s1) should be approximately 2 (s2 − s1) !)
Putting everything together: We can find some s, either s = 2
6
c
, or s = 1, or s from D or
s from E such that
lim
N→∞
RN (s) = 2s
cannot hold.
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